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1. Introduction
In the present paper, we consider the following nonlinear parabolic system{
ut = u + umepv , vt = v + uqenv , (x, t) ∈ Ω × (0, T ),
u(x, t) = v(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ),
u(x,0) = u0(x), v(x,0) = v0(x), x ∈ Ω,
(1.1)
where Ω = BR = {|x| < R} ⊂ RN ; exponents m, q  1, p, n  0; T represents the maximal existence time of the solutions;
initial data u0, v0 : B¯ R → R1 are nonnegative nontrivial, radially symmetric non-increasing continuous functions, vanishing
on ∂BR . The existence and uniqueness of local classical solutions to (1.1) are well known (for example, see [13]).
Nonlinear parabolic systems like (1.1) come from population dynamics, chemical reactions, heat transfer, etc., where u
and v represent the densities of two biological populations during a migration, the thickness of two kinds of chemical
reactants, the temperatures of two different materials during a propagation, etc.
Chen [4] discussed the following system
ut = u + umvp, vt = v + uqvn, (x, t) ∈ Ω × (0, T ), (1.2)
subject to null Dirichlet boundary conditions with q >m − 1 and p > n − 1, where Ω is a general bounded domain of RN .
He proved that, if m, n 1, and pq (1−m)(1− n), then all nonnegative solutions are global, while both global and blow-
up solutions coexist if m > 1, or n > 1, or pq > (1 −m)(1 − n), where the blow-up for nonnegative solutions is deﬁned as
limsupt→T (‖u(·, t)‖L∞(Ω) + ‖v(·, t)‖L∞(Ω)) = +∞. We say that the solution (u, v) blows up simultaneously if
limsup
t→T
∥∥u(·, t)∥∥L∞(Ω) = limsup
t→T
∥∥v(·, t)∥∥L∞(Ω) = +∞.
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simultaneous blow-up rate of (1.2) in some exponent region was obtained by Zheng [28], Wang [26] for radially symmetric
solutions in BR as follows:
max
B¯ R
u(·, t) = O ((T − t)− p+1−npq−(1−m)(1−n) ), max
B¯ R
v(·, t) = O ((T − t)− q+1−mpq−(1−m)(1−n) ).
The special cases of system (1.2) were considered in e.g., [5,6,8,10,12,24], where the blow-up criteria, blow-up rate, and even
blow-up proﬁle were considered.
The non-simultaneous blow-up had been observed and discussed by Quirós and Rossi [20] for the Cauchy problem
of (1.2) in RN . They proved that there exist initial data such that u blows up while v remains bounded if m > q + 1. If u
blows up at some point x0 ∈ RN while v remains bounded and
u(x, t) c(T − t)− 1m−1 , |x− x0| K
√
T − t, (1.3)
then m > q + 1. It was noted that the results of [20] also hold for system (1.2). The restriction condition (1.3) had been
removed by Brändle, Quirós, and Rossi [3] for the Cauchy problem of (1.2) with N = 1.
Zheng and Zhao [29] considered the radially symmetric solutions of the following homogeneous Dirichlet problem
ut = u + emu+pv , vt = v + equ+nv , (x, t) ∈ BR × (0, T ). (1.4)
They obtained that the solutions blow up only at x = 0 with simultaneous blow-up rate
eu(0,t) = O ((T − t)− p−npq−mn ), ev(0,t) = O ((T − t)− q−mpq−mn )
in the region q >m  0, p > n  0. The other known results to special cases of (1.4) were obtained in [10,11,18,19,27], etc.
For the surveys on nonlinear parabolic systems, one can refer to [1,7].
Recently, Souplet and Tayachi [23] discussed the non-simultaneous and simultaneous blow-ups of the following Cauchy
problem
ut = u + um + vp, vt = v + uq + vn, (x, t) ∈ RN × (0, T ) (1.5)
with m,n, p,q > 1. They proved that (i) if m > q + 1 or n > p + 1, then there exist initial data u0 and v0 such that non-
simultaneous blow-up occurs; (ii) if m < q + 1 and n < p + 1, then simultaneous blow-up occurs for every initial data.
For solutions radially symmetric, radially non-increasing in space and nondecreasing in time, they obtained two kinds of
simultaneous blow-up rates.
Rossi and Souplet [21] studied (1.5) in a bounded domain with null Dirichlet boundary conditions, where the phe-
nomenon of coexistence for both non-simultaneous and simultaneous blow-ups was ﬁrstly observed. It was found that in
the region of m > q + 1 and n > p + 1 (where both u and v can blow up alone), there exist initial data such that simulta-
neous blow-up occurs. There are also some results with respect to the phenomena of non-simultaneous blow-up (see e.g.,
[2,14,16,20]).
Very recently, Song [22] considered heat equations coupled via nonlinear boundary ﬂux
∂u
∂η
= umepv , ∂v
∂η
= uqenv , (x, t) ∈ ∂Ω × (0, T ) (1.6)
with p,q > 0, 0m < 1, 0 n < p in some general bounded domain Ω ⊂ RN . He proved that the solutions blow up only
on ∂Ω with simultaneous blow-up rate
max
Ω¯
u(·, t) = O ((T − t)− p−n2(pq+n−mn) ), emaxΩ¯ v(·,t) = O ((T − t)− q+1−m2(pq+n−mn) ).
Motivated by the above works, we discuss the non-simultaneous and simultaneous blow-ups classiﬁcation, and the cor-
responding blow-up rates for the blow-up solutions of system (1.1) in the present paper. In the next section, we give the
main results with some interesting remarks also. Section 3 gives the proof of the optimal classiﬁcation on non-simultaneous
and simultaneous blow-ups. The ﬁnal section deals with all kinds of non-simultaneous and simultaneous blow-up rates.
2. Main results
The ﬁrst theorem shows the blow-up criteria of (1.1).
Theorem 2.1. If m > 1, or n > 0, or pq > n(m − 1), then the solutions of (1.1) blow up for large initial data.
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In the sequel, we always assume Theorem 2.1 holds and the initial data satisfy
u0(x) + um0 (x)epv0(x)  0, v0(x) + uq0(x)env0(x)  0, x ∈ BR .
It is easy to check that ut , vt  0 by the Comparison principle.
The second one shows the critical exponents on non-simultaneous blow-up.
Theorem 2.2. (i) There exist initial data such that non-simultaneous blow-up occurs if and only if
m > q + 1 or n > p.
(ii) Any blow-up is simultaneous if and only if
m q + 1 and n p.
(iii) Both non-simultaneous and simultaneous blow-ups may occur if and only if
m > q + 1 and n > p.
(iv) Any blow-up is non-simultaneous if and only if
m > q + 1 and n p, or m q + 1 and n > p.
Remark 2.1. It is easy to check that the classiﬁcation on non-simultaneous and simultaneous blow-ups is optimal and
complete by Theorem 2.2, which can be seen clearly from Fig. 1.1.
The key clue on non-simultaneous and simultaneous blow-ups is the signals of (m− q− 1) and (n− p), which represent
the relationships between u and v . The condition m > q + 1 shows that u, which inﬂuences v by the power nonlinearity,
may blow up by itself and cannot provide suﬃcient help to the blow-up of v , while n  p shows that v , inﬂuencing u by
the exponential nonlinearity, can provide effective help to the blow-up of u in spite of whether or not v can blow up by
itself. In the coexistence region m > q + 1, n > p, both of them can blow up by itself and cannot give suﬃcient help to the
other blow-ups. We ﬁnd out that the blow-up properties of (u, v) depend seriously on the choosing of initial data. That is
to say, if u0 (v0) is large, then u (v) can blow up alone, and in some betweenness, the simultaneous blow-up may occur for
suitable initial data. The conditions m q + 1, p  n represent that the coupled relationship is so strong that simultaneous
blow-up must occur. The more interesting one is case (iv) of Theorem 2.2, which means that one component must blow up
alone under the added help from the other one.
It can be understood that the non-simultaneous blow-up rates are equivalent to the scalar cases (see [5,10,12,19,27]). We
give them without proofs.
Theorem 2.3. If u (v) blows up alone, then
u(0, t) = O ((T − t)− 1m−1 ) (ev(0,t) = O ((T − t)− 1n )).
The following theorem gives the simultaneous blow-up rates.
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(i) If m < q + 1 and n < p, or m > q + 1 and n > p, then
u(0, t) = O ((T − t)− p−npq−n(m−1) ), ev(0,t) = O ((T − t)− q+1−mpq−n(m−1) ).
(ii) If m < q + 1 and n = p, then
uq+1−m(0, t) = O (∣∣log(T − t)∣∣), env(0,t)v qq+1−m (0, t) = O ((T − t)−1).
(iii) If m = q + 1 and n < p, then
um−1(0, t)
(
logu(0, t)
) p
p−n = O ((T − t)−1), e(p−n)v(0,t) = O (∣∣log(T − t)∣∣).
(iv) If m = q + 1 and n = p, then
logu(0, t) = O (∣∣log(T − t)∣∣), v(0, t) = O (∣∣log(T − t)∣∣).
Remark 2.2. All kinds of non-simultaneous and simultaneous blow-up rates are obtained in Theorems 2.3 and 2.4. It can
be checked by Theorem 2.2 that there exist initial data such that simultaneous blow-up occurs in the coexistence region
m > q + 1, n > p. And for the other cases of Theorem 2.4, simultaneous blow-up must happen if the solution blows up.
3. Proofs of Theorems 2.1 and 2.2
At ﬁrst, we prove the blow-up criterion of system (1.1) by the Comparison principle.
Proof of Theorem 2.1. It is easy to check that
ut = u + umepv u + umvp,
vt = v + uqenv v +
(
n
n + 1
)n+1
uqvn+1.
Let (u, v) be a solution of the following system⎧⎪⎪⎨
⎪⎪⎩
ut = u + umvp, vt = v +
(
n
n + 1
)n+1
uqvn+1, (x, t) ∈ Ω × (0, T ),
u(x, t) = v(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ),
u(x,0) = u0(x), v(x,0) = v0(x), x ∈ Ω.
(3.1)
By the results of [25], the solutions of (3.1) blow up with large initial data if m > 1, or n > 0, or pq > n(m − 1). By the
Comparison principle, (u, v) is a blow-up sub-solution of (1.1). 
We prove Theorem 2.2(i) with the following three lemmas. It can be checked that case (ii) is just a corollary of case (i).
For ﬁxed constant ε ∈ (0,1), deﬁne the set of initial data as follows:
V0 =
{
(u0, v0)
∣∣u0 + (1− ε)um0 epv0  0, v0 + (1− ε)uq0env0  0, x ∈ BR}.
Lemma 3.1. For any (u0, v0) ∈ V0 , there must be
ut(x, t) ε
(
umepv
)
(x, t), vt(x, t) ε
(
uqenv
)
(x, t), (x, t) ∈ BR × [0, T ). (3.2)
Proof. Construct
J = ut − εumepv , K = vt − εuqenv , (x, t) ∈ BR × [0, T ).
By computations, one can check that
Jt −  J mum−1epv J + pumepv K , (x, t) ∈ BR × (0, T ),
Kt − K  quq−1env J + nuqenv K , (x, t) ∈ BR × (0, T ),
J = K = 0, (x, t) ∈ ∂BR × (0, T ),
J (x,0) 0, K (x,0) 0, x ∈ BR .
By the Comparison principle, J (x, t), K (x, t) 0 for (x, t) ∈ BR × [0, T ). 
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u(0, t)
[
(m − 1)εepv0(0)]− 1m−1 (T − t)− 1m−1 , m > 1, t ∈ [0, T ). (3.3)
We will use this estimate to prove the suﬃcient and necessary condition on the existence of u blowing up alone.
Lemma 3.2. There exist suitable initial data such that u blows up while v remains bounded if and only if m > q + 1.
Proof. At ﬁrst, we prove the suﬃciency. Let Γ (x, y, t, τ ) = 1[4π(t−τ )]N/2 exp{− |x−y|
2
4(t−τ ) } be the fundamental solution of the heat
equation. Assume (u˜0, v˜0) is a pair of initial data such that the solution of (1.1) blows up. Fix radially symmetric v0 ( v˜0)
in BR and take M0 > v0(0). Let the minimum of u0 ( u˜0) be large such that T is small and satisﬁes
M0  v0(0) + m − 1
m − q − 1
[
(m − 1)εepv0(0)]− qm−1 enM0 T m−q−1m−1 .
Consider the auxiliary problem⎧⎨
⎩
v¯t = v¯ +
[
(m − 1)εepv0(0)]− qm−1 enM0(T − t)− qm−1 , (x, t) ∈ BR × (0, T ),
v¯(x, t) = 0, (x, t) ∈ ∂BR × (0, T ),
v¯(x,0) = v0(x), x ∈ BR .
For m > q + 1 and by Green’s identity [9,17], we have
v¯(x, t) =
∫
BR
Γ (x, y, t,0)v0(y)dy +
t∫
0
∫
∂BR
Γ (x, y, t, τ )
∂ v¯
∂η
dS y dτ
+
t∫
0
∫
BR
Γ (x, y, t, τ )
[
(m − 1)εepv0(0)]− qm−1 enM0(T − τ )− qm−1 dy dτ
 v0(0) + m − 1
m − q − 1
[
(m − 1)εepv0(0)]− qm−1 enM0 T m−q−1m−1  M0,
where η is the exterior normal vector on ∂BR . So v¯ satisﬁes⎧⎨
⎩
v¯t v¯ +
[
(m − 1)εepv0(0)]− qm−1 (T − t)− qm−1 env¯ , (x, t) ∈ BR × (0, T ),
v¯(x, t) = 0, (x, t) ∈ ∂BR × (0, T ),
v¯(x,0) = v0(x), x ∈ BR .
Combining the radial symmetry and the monotonicity of the initial data with the estimate (3.3), we have
uq
(|x|, t) uq(0, t) [(m − 1)εepv0(0)]− qm−1 (T − t)− qm−1 , (x, t) ∈ BR × (0, T ).
So v satisﬁes that⎧⎨
⎩
vt v +
[
(m − 1)εepv0(0)]− qm−1 (T − t)− qm−1 env , (x, t) ∈ BR × (0, T ),
v(x, t) = 0, (x, t) ∈ ∂BR × (0, T ),
v(x,0) = v0(x), x ∈ BR .
By the Comparison principle, v  v¯  M0. Since (u0, v0) (u˜0, v˜0), (u, v) blows up. And hence only u blows up at time T .
Secondly, we prove the necessity. Assume u blows up while v remains bounded, say v  C . By Green’s identity, we have
u(0, t) u(0, z) + Cum(0, t)(T − z).
For any z ∈ (0, T ), take t such that u(0, t) = 2u(0, z), then
u(0, z) Cum(0, z)(T − z).
Hence u(0, t) c(T − t)− 1m−1 , t ∈ (0, T ).
Similarly to Lemma 4 of [15], for some t1 ∈ (0, T ), there exists a constant ε1 ∈ (0,1) such that
ut  ε1umepv , vt  ε1uqenv , (x, t) ∈ BR × [t1, T ). (3.4)
Then
vt(0, t) ε1env0(0)cq(T − t)−
q
m−1 , t ∈ [t1, T ).
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v(0, t) ε1env0(0)cq
t∫
t1
(T − τ )− qm−1 dτ + v(0, t1).
The boundedness of v requires that m > q + 1. 
Also, by Lemma 3.1, we obtain another important estimate
v(0, t) log
{[
nεuq0(0)
]− 1n (T − t)− 1n }, n > 0, t ∈ [0, T ). (3.5)
We will use it to prove the suﬃcient and necessary condition on the existence of v blowing up alone.
Lemma 3.3. There exist suitable initial data such that v blows up while u remains bounded if and only if n > p.
Proof. We prove the suﬃciency. Assume (u˜0, v˜0) is a pair of initial data such that the solution of (1.1) blows up. Fix radially
symmetric u0 ( u˜0) in BR and take M1 > u0(0). Let v0 ( v˜0) be large such that T satisﬁes
M1  u0(0) + n
n − p
[
nεuq0(0)
]− pn Mm1 T n−pn .
Consider the auxiliary problem⎧⎨
⎩
u¯t = u¯ +
[
nεuq0(0)
]− pn Mm1 (T − t)− pn , (x, t) ∈ BR × (0, T ),
u¯(x, t) = 0, (x, t) ∈ ∂BR × (0, T ),
u¯(x,0) = u0(x), x ∈ BR .
For n > p and by Green’s identity, we have
u¯(x, t) u0(0) + n
n − p
[
nεuq0(0)
]− pn Mm1 T n−pn  M1.
So u¯ satisﬁes
u¯t u¯ +
[
nεuq0(0)
]− pn u¯m(T − t)− pn , (x, t) ∈ BR × (0, T ).
It follows from (3.5) that u satisﬁes
ut u +
[
nεuq0(0)
]− pn um(T − t)− pn , (x, t) ∈ BR × (0, T ).
By the Comparison principle, u  u¯  M1. Since (u0, v0) (u˜0, v˜0), (u, v) blows up. And hence only v blows up at time T .
Now, we prove the necessity. Assume v blows up while u remains bounded, say u  C . For v(0, t) = maxB¯ R v(·, t), we
have
vt(0, t) uq(0, t)env(0,t), t ∈ (0, T ).
Integrating the above inequality from t to T , we have
v(0, t) log
[
nCq(T − t)]− 1n , t ∈ (0, T ). (3.6)
By (3.4) and (3.6),
ut(0, t) ε1um0 (0)
(
nCq
)− pn (T − t)− pn , t ∈ (t1, T ). (3.7)
Integrating (3.7) from t1 to t , we obtain that
u(0, t) u(0, t1) + ε1um0 (0)
(
nCq
)− pn t∫
t1
(T − τ )− pn dτ .
The boundedness of u requires that n > p. 
Remark 3.1. The restriction (1.3) on the existence of non-simultaneous blow-up for the homogeneous Dirichlet problem of
system (1.2) can be removed by the methods of Theorem 2.2(i) in BR ⊂ RN .
In order to prove Theorem 2.2(iii) and (iv), we introduce three lemmas as follows:
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Proof. Without loss of generality, we only prove the case for v blowing up with u remaining bounded. Let (u, v) be a
solution of (1.1) with initial data (u0, v0) ∈ V0 such that v blows up while u remains bounded up to blow-up time T , say
0< u(0, t) M . It suﬃces to ﬁnd an L∞-neighborhood of (u0, v0) in V0 such that any solution (uˆ, vˆ) of (1.1) coming from
this neighborhood maintains the property that vˆ blows up while uˆ remains bounded.
By Lemma 3.3, we know n > p. Take M2 > M + u0(0)/2. Let (u˜, v˜) be the solution of the following problem⎧⎪⎪⎨
⎪⎪⎩
u˜t = u˜ + u˜mepv˜ , (x, t) ∈ BR × (0, T0),
v˜t = v˜ + u˜qenv˜ , (x, t) ∈ BR × (0, T0),
u˜(x, t) = v˜(x, t) = 0, (x, t) ∈ ∂BR × (0, T0),
u˜(x,0) = u˜0(x), v˜(x,0) = v˜0(x), x ∈ BR ,
where radially symmetric (u˜0, v˜0) is to be determined and T0 is the maximal existence time.
Denote
N(u0, v0) =
{
(u˜0, v˜0) ∈ V0
∣∣∣ ∥∥u˜0(0) − u(0, T − ε0)∥∥∞,∥∥v˜0(0) − v(0, T − ε0)∥∥∞ < u0(0)2
}
.
Since v blows up at time T , there exists small ε0 > 0 such that (u˜, v˜) blows up and T0 is small, satisfying
M2 > M + u0(0)
2
+ n
n − p
[
nε
(
u0(0)
2
)q]− pn
T
n−p
n
0 M
m
2
provided (u˜0, v˜0) ∈ N(u0, v0).
Consider the auxiliary system⎧⎨
⎩
u¯t = u¯ +
[
nεu˜q0(0)
]− pn (T0 − t)− pn Mm2 , (x, t) ∈ BR × (0, T0),
u¯(x, t) = 0, (x, t) ∈ ∂BR × (0, T0),
u¯(x,0) = u˜0(x), x ∈ BR .
By Green’s identity, u¯  M2. Hence
u¯t u¯ +
[
nεu˜q0(0)
]− pn (T0 − t)− pn u¯m, (x, t) ∈ BR × (0, T0).
On the other hand, by v˜(0, t) log{[nεu˜q0(0)]−
1
n (T0 − t)− 1n }, we have
u˜t u˜ +
[
nεu˜q0(0)
]− pn (T0 − t)− pn u˜m, (x, t) ∈ BR × (0, T0).
By the Comparison principle, u˜  u¯  M2, then v˜ must blow up.
According to the continuity with respect to initial data for bounded solutions, there must exist a neighborhood of (u0, v0)
in V0 such that every solution (uˆ, vˆ) starting from the neighborhood will enter N(u0, v0) at time T − ε0, and keeps the
property that vˆ blows up while uˆ remains bounded. 
Lemma 3.5. Assume m > q + 1 and n > p. Then both non-simultaneous and simultaneous blow-ups may occur.
Proof. Assume (u0, v0) ∈ V0 such that the solution of (1.1) blows up. Then the solution with initial data (u0/λ, v0/(1−λ)) ∈
V0 for any λ ∈ (0,1) also blows up. By Lemmas 3.2 and 3.3, we know there exists some λ1 near 0 such that u blows
up while v remains bounded if λ = λ1, and some λ2 near 1 such that v blows up while u remains bounded if λ = λ2,
respectively. By Lemma 3.4, such initial data sets are open and connected. Then there must exist some λ ∈ (λ1, λ2) such
that simultaneous blow-up happens. 
Lemma 3.6. If m  q + 1 and n > p, then any blow-up must be v blowing up with u remaining bounded. If m > q + 1 and n  p,
then any blow-up must be u blowing up with v remaining bounded.
Proof. We only prove the case for v blowing up with u remaining bounded. For u(0, t), v(0, t) 0,
ut(0, t) um(0, t)epv(0,t), vt(0, t) uq(0, t)env(0,t), t ∈ [0, T ). (3.8)
Combining (3.4) with (3.8), we have
ε1u
q−m(0, t)ut(0, t) e(p−n)v(0,t)vt(0, t)
1
uq−m(0, t)ut(0, t), t ∈ [t1, T ). (3.9)ε1
B. Liu, F. Li / J. Math. Anal. Appl. 347 (2008) 294–303 301By Lemma 3.2, there is not the case for u blowing up with v remaining bounded. We only need to prove that u and v
cannot blow up simultaneously. If not, assume simultaneous blow-up happens.
If m < q + 1 and n > p, then by integrating the left inequality of (3.9) from t1 to t , one can obtain that
ε1
q + 1−mu
q+1−m(0, t) C − 1
n − p e
−(n−p)v(0,t),
a contradiction to simultaneous blow-up occurring.
If m = q + 1 and n > p, then
ε1 logu(0, t) C − 1
n − p e
−(n−p)v(0,t),
a contradiction also. 
Proofs of Theorem2.2(iii) and (iv). The suﬃciency of cases (iii) and (iv) can be obtained by Lemmas 3.5 and 3.6, respectively.
Now we prove the necessity of case (iii). We only need to prove that, if the exponents do not satisfy m > p+1 and q > n,
then there is not the phenomenon of coexistence for non-simultaneous and simultaneous blow-ups. It can be obtained by
Theorem 2.2(ii) and Lemma 3.6, directly. Similarly, the necessary condition of case (iv) can be proved by Theorem 2.2(ii)
and Lemma 3.5. 
4. Proof of Theorem 2.4
In this section, we give the estimates of simultaneous blow-up rates.
Proof of Theorem 2.4(i). By Theorem 2.2, we know that any blow-up must be simultaneous blow-up in the region m < q+1
and n < p, and there exist initial data such that simultaneous blow-up happens in the region m > q+ 1 and n > p. We only
prove the simultaneous blow-up rate in the region m < q + 1 and n < p. The other case can be obtained similarly.
It is easy to check that (3.4) and (3.8) hold. Then inequality (3.9) holds also. Integrating (3.9), we have
cuq+1−m(0, t) e(p−n)v(0,t)  Cuq+1−m(0, t), t ∈ [t1, T ). (4.1)
Combining (3.4) with (3.8), we have
ε1u
m(0, t)epv(0,t)  ut(0, t) um(0, t)epv(0,t), (4.2)
ε1u
q(0, t)env(0,t)  vt(0, t) uq(0, t)env(0,t). (4.3)
Then the simultaneous blow-up rate can be obtained immediately from (4.1)–(4.3). 
Proofs of Theorem 2.4(ii) and (iii). We only prove case (ii), and case (iii) can be proved by the similar method. By (4.2)
and (4.3), we obtain that
ε1vt(0, t)
1
q + 1−m
(
uq+1−m(0, t)
)
t 
1
ε1
vt(0, t).
It is easy to prove that, for some δ ∈ (0,1), there exists some T0 such that
ε1δ(q + 1−m)v(0, t) uq+1−m(0, t) q + 1−m
ε1δ
v(0, t), t ∈ [T0, T ). (4.4)
Then
vt(0, t)
(
q + 1−m
ε1δ
) q
q+1−m
env(0,t)v
q
q+1−m (0, t),
vt(0, t) ε1
[
(q + 1−m)ε1δ
] q
q+1−m env(0,t)v
q
q+1−m (0, t), t ∈ [T0, T ).
Due to limt→T v(0, t) = +∞,
ε1
[
(q + 1−m)ε1δ
] q
q+1−m (T − t)
+∞∫
v(0,t)
e−nss−
q
q+1−m ds
(
q + 1−m
ε1δ
) q
q+1−m
(T − t), t ∈ [T0, T ). (4.5)
Since
lim
t→T
∫ +∞
v(0,t) e
−nss−
q
q+1−m ds
−nv(0,t) − qq+1−m
⇐⇒ lim
v(0,t)→+∞
∫ +∞
v(0,t) e
−nss−
q
q+1−m ds
−nv(0,t) − qq+1−m
= 1
n
,e v (0, t) e v (0, t)
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n
+∞∫
v(0,t)
e−nss−
q
q+1−m ds ∼ e−nv(0,t)v−
q
q+1−m (0, t),
there exists T1 < T such that, for all t ∈ [T1, T ),
e−nv(0,t)
2v
q
q+1−m (0, t)
 n
+∞∫
v(0,t)
e−nss−
q
q+1−m ds 2e
−nv(0,t)
v
q
q+1−m (0, t)
. (4.6)
Let T ∗ =max{T0, T1}. It can be deduced from (4.5) and (4.6) that there exist some positive constants c and C such that
c(T − t)−1  env(0,t)v qq+1−m (0, t) C(T − t)−1, t ∈ [T ∗, T ). (4.7)
Combining (4.2), (4.4) with (4.7), we obtain that
c
∣∣log(T − t)∣∣ uq+1−m(0, t) C∣∣log(T − t)∣∣, t ∈ [T ∗, T ). 
Proof of Theorem 2.4(iv). By (4.2) and (4.3), we obtain that
ε1vt(0, t)
(
logu(0, t)
)
t 
1
ε1
vt(0, t).
It is easy to prove that, for some δ ∈ (0,1), there exists T0 such that
eε1δv(0,t)  u(0, t) ev(0,t)/(δε1), t ∈ [T0, T ). (4.8)
Then
ε1e
(n+ε1δq)v(0,t)  vt(0, t) e(n+
q
ε1δ
)v(0,t)
, t ∈ [T0, T ).
Due to limt→T v(0, t) = +∞ and by integrating the above inequalities, we obtain that
[(
n + q
ε1δ
)
(T − t)
]− ε1δnε1δ+q
 ev(0,t) 
[
ε1(n + qε1δ)(T − t)
]− 1n+qε1δ .
Then, for some positive constants c and C , there exists T ∗ ∈ [T0, T ) such that
c
∣∣log(T − t)∣∣ v(0, t) C∣∣log(T − t)∣∣, t ∈ [T ∗, T ).
By (4.8), we have
c
∣∣log(T − t)∣∣ logu(0, t) C∣∣log(T − t)∣∣, t ∈ [T ∗, T ). 
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